A block-centered, finite difference model of two-dimensional groundwater flow yields velocity values at the midpoints of interfaces between adjacent blocks. Method of characteristics, random walk and particle-tracking models of solute transport require velocities at arbitrary particle locations within the finite difference grid. Particle path lines and travel times are sensitive to the spatial interpolation scheme employed, particularly in heterogeneous aquifers. This paper briefly reviews linear and bilinear interpolation of velocity and introduces a new interpolation scheme. Linear interpolation of velocity is consistent with the numerical solution of the flow equation and preserves discontinuities in velocity caused by abrupt (blocky) changes in transmissivity or hydraulic conductivity. However, linear interpolation yields discontinuous and somewhat unrealistic velocities in homogeneous aquifers. Bilinear interpolation of velocity yields continuous and realistic velocities in homogeneous and smoothly heterogeneous aquifers but does not preserve discontinuities in velocity at abrupt transmissivity boundaries. The new scheme uses potentiometric head gradients and offers improved accuracy for nonuniform flow in heterogeneous aquifers with abrupt changes in transmissivity. The new scheme is equivalent to bilinear interpolation in homogeneous media and is equivalent to linear interpolation where gradients are uniform. Selecting the best interpolation scheme depends, in part, on the conceptualization of aquifer heterogeneity, that is, whether changes in transmissivity occur abruptly or smoothly.
INTRODUCTION
Finite difference and finite elements solutions of the advection-dispersion equation exhibit unrealistic oscillation (overshoot and undershoot) and numerical dispersion when dispersivity is small [Pinder and Gray, 1977; Grove, 1977] . To eliminate these problems, the method of characteristics Ms been applied using moving particles to simulate advection, whereas finite difference [e.g., Konikow and Bredehoeft, 1978] or finite element [e.g., Neuman and Sotek, 1982] approximations simulate dispersion. Random walk models [e.g., Prickett et al., 1981 ] also simulate advection with moving particles but simulate dispersion by a particle Brownian motion. These particle methods, or any particletracking scheme, require transport velocities at particle locations that do not correspond to locations where velocity is known from solution of the flow equation (using finite difference or finite element methods).
The particle position in the x direction and travel time are The presentation throughout much of this paper is for only the x component; expressions for the orthogonal y component are analogous. Evaluation of (1) requires the particle velocity along its path, whereas the numerical solu-•on of the flow problem yields velocity at particular locations, such as nodes or midpoints of block interfaces, depending on the formulation of the method. For steady state flow, velocity at a specific location is constant, but velocity is a function of position along a particle's path line. Different interpolation schemes to determine the particle velocity may result in significantly different velocities, path lines, and travel times [Nicholson et aI., 1987] , especially for coarse discretization of heterogeneous media. These differences may be particularly important when using particletype models of transport to investigate the effects of spatial variability of hydraulic conductivity [e.g., Smith and Schwartz, 1980; Davis, 1986; EI-Kadi, 1988] or to verify analytical stochastic representations of transport in random aquifers [e.g., Ababou, 1988] . For the latter the numerical model is considered the true representation, and its accuracy is critical. The differences among interpolation schemes is a function of model discretization; in the limit the velocity change between nodes or elements is so small that the differences vanish. However, computational limitations, in general or for the computer on hand, continue to result in the use of relatively coarse grids, especially for threedimensional problems.
For block-centered, finite difference models of groundwater flow, linear interpolation [Vx = f(x)] in the direction of the velocity component of interest [Reddell and Sunada, 1970] is consistent with the assumptions of the flow model; however, this method yields a discontinuous velocity field in homogeneous media. Bilinear interpolation [Vx = f(x, y)] has been used for particle velocities in two-dimensional models of solute transport [Garder et al., 1964; Konikow and Bredehoeft, 1978; Schwartz and Crowe, 1980; Prickett et al., 1981] . This method generates a continuous velocity field and has been widely applied for simulation of homogeneous media. However, this technique does not preserve discontinuities in velocity present in heterogeneous media when interpolation is performed across transmissivity contrasts [Goode, 1987] .
The smoothness expected in the velocity field is related to the conceptualization of the variability of aquifer properties. This paper briefly reviews linear and bilinear interpolation and presents a new interpolation scheme for block-centered, finite difference, groundwater flow models [e.g., Konikow and Bredehoeft, 1978; McDonald and Harbaugh, 1988] . For several example problems the new scheme is shown to offer improved resolution of smoothly varying flow fields while preserving discontinuities at sharp boundaries. The presentation is for two-dimensional models, but the scheme is easily extended to three dimensions. In most cases of field scale aquifer simulation, transmissivity is more highly variable than porosity or saturated thickness, hence this study emphasizes velocity interpolation in systems with variable and similar expressions for the other terms in (2). This representation is exact for one-dimensional flow where the transmissivity is constant over each block and changes abruptly at block interfaces [Bear, 1979] . In natural systems, transmissivity may change abruptly at faults because of step changes in thickness. For cross-sectional models, hydraulic conductivity may change abruptly at layer boundaries. Equation (4) automatically yields a transmissivity value of zero if one of the blocks is impermeable.
The horizontal variability of model scale transmissivity in natural aquifers is often a smooth process because of gradual changes in thickness or lithology. If the specified transmissivity value is assumed to represent the point value at the node at the center of the block, and transmissivity is assumed to vary linearly between nodes, the exact block interface transmissivity value, for steady state onedimensional flow, is [Appel, 1976] Txx ( This value is larger than the harmonic mean but smaller than the arithmetic mean. This form cannot be used if the transmissivity is uniform or if one of the blocks has a zero value of transmissivity, but these cases can easily be handled separately. Another block interface value used is the geometric mean [Haverkamp et al., 1977] , which is also the effective two-dimensional mean for an area within which transmissivity is lognormally distributed [Gutjahr et al., 1978] . • 
Radial Flow in a Homogeneous Aquifer
The first numerical experiment illustrates the differences among the interpolation schemes for a simple problem with uniform properties but nonuniform flow. The boundary conditions for this case (Figure 3) are fixed flux at the top and fight (calculated analytically), no flux along the left and bottom, and fixed head in the well block (2, 6). The differences between computed velocities for bilinear and linear interpolation are greatest at the block boundaries; the interpolated velocities are identical at the block center or node. As a particle moves through a block, the differences are somewhat offsetting, and the bulk movement of the particles is very similar using the two methods, even for this coarse discretization. The streamlines should be straight lines into the well, as computed using bilinear interpolation. Because transmissivity is uniform in this case, the grad scheme is identical to bilinear interpolation of velocities. pensated by an equivalent but opposite error when leaving the heterogeneity (note the top pathline in Figure 5 ). However, particles originating in the low-hydraulic-conductivity layer do not converge to the true path line using bilinear interpolation. For this case the head gradients in the x direction are not a function of y, and the head gradients in the y direction are not a function of x. Therefore the grad scheme is equivalent to linear interpolation of velocities and also yields, exactly, the refraction effect.
Flow to a Well in a Uniform, Regional

Nonuniform Flow Across a Low-Hydraulic-Conductivity Layer
Real aquifers are characterized by both nonuniform flow and variable hydraulic properties. Linear interpolation yields exact path lines for the preceding case because the velocity in the x direction is not a function of the y location within a block. The x velocity is constant within each block and changes abruptly at the boundary between the layers. In general, however, head gradients and velocities are not constant within each layer but change in response to boundary condition locations, strengths, and other factors. For these situations, velocity in the x direction may be a function of the x as well as the y coordinate location within a block. This numerical experiment of nonuniform flow across a low-hydraulic-conductivity layer has geologic characteristics similar to the preceding case but has variable velocity within each grid block. This case has a middle row of blocks in the coarse grid having one-hundredth the hydraulic conductivity of the remaining rows ( In contrast to the preceding case the smooth path lines generated using bilinear interpolation more closely match the fine grid results using a smooth transmissivity field than path lines using linear interpolation (Figure 15 Use of a finer grid in a heterogeneous system will yield a more accurate definition of the flow field near hydraulic conductivity and transmissivity contrasts and hence result in more accurate particle path lines. A finer grid will also minimize the model's sensitivity to the function used for determining block interface transmissivity and to the velocity interpolation scheme used. Simulations of nonuniform flow in heterogeneous aquifers using relatively coarse grids are most sensitive to these factors, and selection of the best methods requires care. In practical application the differences among these interpolation schemes may be minor compared to the errors in simulations induced by highly uncertain aquifer properties and boundary conditions. Nonetheless, for any given grid and problem definition it is desirable to use the most accurate interpolation scheme. For each time step, bilinear interpolation and the grad scheme require increased computation (two additional multiplications for each velocity component) compared to linear interpolation using explicit displacements. For many problems this increase will be small compared to the increase in computation for solving the flow problem and tracking more particles in a finer finite difference grid.
CONCLUSIONS
Selecting the best interpolation scheme to determine particle velocity in a groundwater flow model depends in part on the conceptualization of aquifer heterogeneity. Despite its inconsistency with the block-centered finite difference flow solution, the grad scheme developed here is more accurate than linear interpolation for particle velocities in blockheterogeneous systems. In the examples presented the inconsistency of the grad scheme on the block scale does not appear to introduce global error or divergence. If transmissivity is assumed to vary smoothly, bilinear interpolation offers improved accuracy over both linear interpolation and the grad scheme. The additional computation of the grad scheme and bilinear interpolation (over that of linear interpolation) may be minor compared to increases from using a finer grid. Of course, a finer grid will always yield a more accurate definition of the flow field, particularly near discontinuities in hydraulic properties.
